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a b s t r a c t
In this paper we unify the system of Cauchy functional equations defining multi-additive
mapping to obtain a single equation and prove the generalized Hyers–Ulam stability both
of this system and this equation using the so-called direct method.
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1. Introduction
Throughout this paper we assume that V is a commutative semigroup, W is a linear space and n ≥ 1 is an integer.
Moreover, N stands for the set of all positive integers.
Let us recall that a function f : V n −→ W is called multi-additive if it is additive (satisfies Cauchy’s functional
equation) in each variable. Some basic facts on such mappings can be found for instance in [1], where their application
to the representation of polynomial functions is also presented (see also [2]).
In this paper we reduce this system of n Cauchy equations to obtain a single functional equation for f and prove the
generalized Hyers–Ulam stability both of this system and this equation, using the so-called direct (Hyers) method.
Speaking of the stability of a functional equation we follow the question raised in 1940 by S. M. Ulam: ‘‘when is it true
that the solution of an equation differing slightly from a given one, must of necessity be close to the solution of the given
equation?’’. The first answer (in the case of Cauchy’s functional equation in Banach spaces) to Ulam’s question was given by
Hyers (see [3]). After his result a great number of papers (see for instance [4–7] and the references given there) on the subject
were published, generalizing Ulam’s problem and Hyers’s theorem in various directions and to other functional equations
(as the words ‘‘differing slightly’’ and ‘‘be close’’ may have various meanings, different kinds of stability can be dealt with).
The classical works on the stability of additive mappings are [3,8–12] and [13], whereas some recent results on this topic
can be found in [14–16] and [17]. On the other hand, for some outcomes on Hyers–Ulam stability of multi-additive functions
we refer the reader to [18,19] and [20] (see also [1]).
To finish this introductory section let us finally mention some studies of Prager and Schwaiger (see [21]) and the author
(see [22] and [23]) concerning different kinds of stability of multi-Jensen functions, that is functions satisfying (under some
additional assumptions on V ) Jensen’s functional equation in each variable.
2. Results
First, we prove the stability of the system of equations defining the multi-additive mapping.
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Theorem 1. Let V be a commutative semigroup and W be a Banach space. Assume also that n ∈ N and for every i ∈ {1, . . . , n},
ϕi : V n+1 −→ [0,∞) is a mapping such that for any (x1, . . . , xn+1) ∈ V n+1 we have
ϕ˜i(x1, . . . , xn+1) :=
∞∑
j=0
1
2j
[ϕi(2jx1, x2, . . . , xn+1)+ · · · + ϕi(x1, . . . , xi−2, 2jxi−1, xi, . . . , xn+1)
+ 1
2
ϕi(x1, . . . , xi−1, 2jxi, 2jxi+1, xi+2, . . . , xn+1)+ ϕi(x1, . . . , xi+1, 2jxi+2, xi+3, . . . , xn+1)
+ · · · + ϕi(x1, . . . , xn, 2jxn+1)] <∞. (1)
If f : V n −→ W is a function satisfying
‖f (x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn)− f (x1, . . . , xn)− f (x1, . . . , xi−1, x′i, xi+1, . . . , xn)‖
≤ ϕi(x1, . . . , xi, x′i, xi+1, . . . , xn), (x1, . . . , xi, x′i, xi+1, . . . , xn) ∈ V n+1, i ∈ {1, . . . , n}, (2)
then for every i ∈ {1, . . . , n} there exists a multi-additive mapping Fi : V n −→ W such that for any (x1, . . . , xn) ∈ V n we have
‖f (x1, . . . , xn)− Fi(x1, . . . , xn)‖ ≤ ϕ˜i(x1, . . . , xi, xi, xi+1, . . . , xn). (3)
For every i ∈ {1, . . . , n} the function Fi is given by
Fi(x1, . . . , xn) := lim
j−→∞
1
2j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn), (x1, . . . , xn) ∈ V n. (4)
Proof. Fix x1, . . . , xn ∈ V , j ∈ N ∪ {0} and i ∈ {1, . . . , n}. Putting x′i := xi in (2) we get∥∥∥∥12 f (x1, . . . , xi−1, 2xi, xi+1, . . . , xn)− f (x1, . . . , xn)
∥∥∥∥ ≤ 12ϕi(x1, . . . , xi, xi, xi+1, . . . , xn).
Dividing both sides of the above inequality by 2j and replacing xi by 2jxi we see that∥∥∥∥ 12j f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)− 12j+1 f (x1, . . . , xi−1, 2j+1xi, xi+1, . . . , xn)
∥∥∥∥
≤ 1
2j+1
ϕi(x1, . . . , xi−1, 2jxi, 2jxi, xi+1, . . . , xn),
and consequently for any non-negative integers l andmwith l < mwe obtain∥∥∥∥ 12l f (x1, . . . , xi−1, 2lxi, xi+1, . . . , xn)− 12m f (x1, . . . , xi−1, 2mxi, xi+1, . . . , xn)
∥∥∥∥
≤
m−1∑
j=l
1
2j+1
ϕi(x1, . . . , xi−1, 2jxi, 2jxi, xi+1, . . . , xn). (5)
Therefore from (1) it follows that ( 1
2j
f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn))j∈N is a Cauchy sequence. Since the space W is
complete, this sequence is convergent and we define Fi : V n −→ W by (4). Putting l = 0, letting m −→ ∞ in (5) and
using (1) we see that (3) holds.
Finally, fix also x′i ∈ V and note that according to (2) we have∥∥∥∥ 12j f (x1, . . . , xi−1, 2j(xi + x′i), xi+1, . . . , xn)− 12j f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)
− 1
2j
f (x1, . . . , xi−1, 2jx′i, xi+1, . . . , xn)
∥∥∥∥ ≤ 12j ϕi(x1, . . . , xi−1, 2jxi, 2jx′i, xi+1, . . . , xn).
Next, fix k ∈ {1, . . . , n} \ {i}, x′k ∈ V and assume that k < i (the same arguments apply to the case where k > i). From (2)
it follows that∥∥∥∥ 12j f (x1, . . . , xk−1, xk + x′k, xk+1, , . . . , xi−1, 2jxi, xi+1, . . . , xn)− 12j f (x1, . . . , xi−1, 2jxi, xi+1, . . . , xn)
− 1
2j
f (x1, . . . , xk−1, x′k, xk+1, . . . , xi−1, 2
jxi, xi+1, . . . , xn)
∥∥∥∥
≤ 1
2j
ϕk(x1, . . . , xk, x′k, xk+1, . . . , xi−1, 2
jxi, xi+1, . . . , xn).
Letting j −→∞ in the above two inequalities and using (1) we see that the mapping Fi is multi-additive. 
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Next, we reduce the system of n Cauchy equations to obtain a single functional equation for f .
Theorem 2. Let V be a commutative semigroup with the identity element 0 and W be a linear space. A mapping f : V n −→ W
is multi-additive if and only if
f (x11 + x12, . . . , xn1 + xn2) =
∑
i1,...,in∈{1,2}
f (x1i1 , . . . , xnin), (x11, . . . , xn1), (x12, . . . , xn2) ∈ V n. (6)
Proof. Assume that f : V n −→ W satisfies Eq. (6). Putting
(x11, . . . , xn1) = (x12, . . . , xn2) = (0, . . . , 0)
in (6) we get f (0, . . . , 0) = 2nf (0, . . . , 0), and consequently f (0, . . . , 0) = 0. Next, fix j ∈ {1, . . . , n}, xj1 ∈ V and put
xj2 = xkik = 0, where ik ∈ {1, 2}, for k ∈ {1, . . . , n} \ {j}. Then, by (6),
f (0, . . . , 0, xj1, 0, . . . , 0) = 2n−1f (0, . . . , 0, xj1, 0, . . . , 0),
and thus f (0, . . . , 0, xj1, 0, . . . , 0) = 0.
We continue in this fashion obtaining f (x) = 0 for any x ∈ V n with at least one component which is equal to zero.
Finally, fix j ∈ {1, . . . , n}, x11, . . . , xn1, xj2 ∈ V and put xk2 = 0 for k ∈ {1, . . . , n} \ {j} in (6). Then
f (x11, . . . , xj−11, xj1 + xj2, xj+11, . . . , xn1) = f (x11, . . . , xn1)+ f (x11, . . . , xj−11, xj2, xj+11, . . . , xn1),
which proves that f is multi-additive. The rest of the proof is clear. 
Finally, we prove the stability of Eq. (6). The below theorem generalizes Gaˇvrutaˇ’s result from [13] (where the case when
n = 1 and V is a commutative group was considered).
Theorem 3. Let V be a commutative semigroupwith an identity element andW be a Banach space. Assume also that ϕ : V 2n −→
[0,∞) is a mapping such that
ϕ˜(x11, x12, . . . , xn1, xn2) :=
∞∑
j=0
1
2n(j+1)
ϕ(2jx11, 2jx12, . . . , 2jxn1, 2jxn2) <∞, (x11, x12, . . . , xn1, xn2) ∈ V 2n. (7)
If f : V n −→ W is a function satisfying∥∥∥∥∥f (x11 + x12, . . . , xn1 + xn2)− ∑
i1,...,in∈{1,2}
f (x1i1 , . . . , xnin)
∥∥∥∥∥
≤ ϕ(x11, x12, . . . , xn1, xn2), (x11, x12, . . . , xn1, xn2) ∈ V 2n, (8)
then there exists a unique multi-additive mapping F : V n −→ W for which
‖f (x11, . . . , xn1)− F(x11, . . . , xn1)‖ ≤ ϕ˜(x11, x11, . . . , xn1, xn1), (x11, . . . , xn1) ∈ V n. (9)
The function F is given by
F(x11, . . . , xn1) := lim
j−→∞
1
2nj
f (2jx11, . . . , 2jxn1), (x11, . . . , xn1) ∈ V n. (10)
Proof. Fix (x11, . . . , xn1) ∈ V n and j ∈ N ∪ {0}. Putting xi2 := xi1 for i ∈ {1, . . . , n} in (8) we get
‖f (2x11, . . . , 2xn1)− 2nf (x11, . . . , xn1)‖ ≤ ϕ(x11, x11, . . . , xn1, xn1).
Dividing both sides of the above inequality by 2n(j+1) and replacing xi1 by 2jxi1 for i ∈ {1, . . . , n}we see that∥∥∥∥ 12n(j+1) f (2j+1x11, . . . , 2j+1xn1)− 12nj f (2jx11, . . . , 2jxn1)
∥∥∥∥ ≤ 12n(j+1) ϕ(2jx11, 2jx11, . . . , 2jxn1, 2jxn1),
and consequently for any non-negative integers l andmwith l < mwe obtain∥∥∥∥ 12nm f (2mx11, . . . , 2mxn1)− 12nl f (2lx11, . . . , 2lxn1)
∥∥∥∥ ≤ m−1∑
j=l
1
2n(j+1)
ϕ(2jx11, 2jx11, . . . , 2jxn1, 2jxn1). (11)
Therefore from (7) it follows that ( 1
2nj
f (2jx11, . . . , 2jxn1))j∈N is a Cauchy sequence. Since the space W is complete, this
sequence is convergent and we define F : V n −→ W by (10). Putting l = 0, letting m −→ ∞ in (11) and using (7)
we see that (9) holds.
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Next, fix also (x12, . . . , xn2) ∈ V n and note that according to (8) we have∥∥∥∥∥ 12nj f (2j(x11 + x12), . . . , 2j(xn1 + xn2))− ∑i1,...,in∈{1,2}
1
2nj
f (2jx1i1 , . . . , 2
jxnin)
∥∥∥∥∥
≤ 1
2nj
ϕ(2jx11, 2jx12, . . . , 2jxn1, 2jxn2).
Letting j −→∞ in the above inequality and using (7) we see that themapping F satisfies Eq. (6), and Theorem 2 now shows
that F is multi-additive.
Finally, assume that F ′ : V n −→ W is another multi-additive mapping satisfying (9) and fix k ∈ N∪ {0}. Then, using the
multi-additivity of F and F ′, (7) and (9), we have
‖F(x11, . . . , xn1)− F ′(x11, . . . , xn1)‖ =
∥∥∥∥ 12nk F(2kx11, . . . , 2kxn1)− 12nk F ′(2kx11, . . . , 2kxn1)
∥∥∥∥
≤
∥∥∥∥ 12nk F(2kx11, . . . , 2kxn1)− 12nk f (2kx11, . . . , 2kxn1)
∥∥∥∥+ ∥∥∥∥ 12nk f (2kx11, . . . , 2kxn1)− 12nk F ′(2kx11, . . . , 2kxn1)
∥∥∥∥
≤ 2
2nk
ϕ˜(2kx11, 2kx11, . . . , 2kxn1, 2kxn1)
= 2 ·
∞∑
j=k
1
2n(j+1)
ϕ(2jx11, 2jx11, . . . , 2jxn1, 2jxn1),
whence letting k −→∞we obtain F = F ′. 
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